With the use of Routh stability criterion and Pade approximation technique to simplify the passive skyhook damping suspension system, a full-car model involving the reduced-order ISD suspension was established for the analysis of ride comfort. The genetic algorithm of unified objective function was applied for the optimization of structural parameters. Comparative analysis of the system performance was conducted among the conventional passive suspension, the passive skyhook damping suspension and the reduced-order ISD suspension. The results show that the root-mean-square value of body acceleration, tire dynamic load and suspension working space of the reduced-order ISD suspension are close to those of the passive skyhook damping suspension and the main performance can be achieved. It illustrates that the overall performance of the reduced-order ISD suspension can be close to the passive skyhook damping suspension and the research theoretically verified the effectiveness of the reduced-order ISD suspension. Furthermore, a integrated inerter device with inerter and damper connected in series is developed, which is then arranged in the front and rear suspension of an off-road vehicle for road test. As a result of this paper, it was demonstrated that, the reduced-order ISD suspension can suppress the vertical, pitch and roll vibration of vehicle body.
I. INTRODUCTION
Vehicle suspension is designed to provide ride comfort, road holding and support the vehicle static weight [1] . They generally fall into three categories: passive, active and semi-active ones. Passive suspension is simple and reliable, but it is only effective in a certain frequency band. Active suspension can improve the performance over a wide frequency range and meet more demanding specifications, but it requires a large energy supply. Semi-active suspension achieve desirable performances while a relatively small amount of energy is required [2] . This interest in improved and optimized passive suspensions has become of great interest to academic community Zhang [14] , [15] , and Chen [16] .
The ideal skyhook damping control is a kind of control strategy, and its advantages of semi-active dampers over traditional passive dampers have been addressed in many studies [3] , [7] - [12] . Since the ideal skyhook damping control The associate editor coordinating the review of this manuscript and approving it for publication was Wen-Sheng Zhao .
is accomplished with the need for a damper hooked to an inertial reference frame, the conventional passive suspension system can not satisfy this condition. Semi-active and fully active control systems are usually used to realize ideal skyhook control in an indirect way [7] , [8] , [10] . However, there are some deficiencies about energy consumption, reliability, effectiveness and real-time requiremnet [13] . As a result, semi-active suspension and active suspension are hard to get large-scale promotion and application for its complexity.
Zhang and Chen [14] - [16] proposed a passive realization method of ideal skyhook damping with the use of anti-resonance of the inerter-spring-mass system. It is proved that the ideal skyhook damping can be passively implemented in actual vehicles. The passive skyhook damping suspension system was also designed. However, it's a two-stage seriesconnected structure with high order and composed of 5 elements. Compared with conventional suspension, the passive skyhook damping suspension is more complex and hard for engineering implementation. It is necessary to find a simplified suspension model consisting of lower orders and less components. The model reduction method based on Routh stability criterion and Pade approximation technique is proposed to address this issue by approximating.
In 2002 [17] , the concept of inerter was proposed based on the electrical-mechanical analogies, and defined as a two-terminal device that the opposite force applied at two terminals is proportional to the relative acceleration between them. Inerter has a huge application for its vibration isolation performance, such as vehicle suspension [6] , [18] - [20] , building vibration control [21] , train suspension [22] - [24] and motorcycle steering system [25] , [26] . Several classical ISD (Inerter-Spring-Damper) suspension structures were proposed [4] , [19] , [20] , [27] , and relating performances were analyzed. These types all consists of one shock absorber, one inerter and an arbitrary number of springs connected in series or in parallel. However, ISD suspension has rarely been realized for the complexity of structure and the difficulty in layout. Most studies remain in the simulation stage. The ISD suspension layout proposed in this paper are applied in an off-road vehicle and experimentally verified.
In this paper, the reduced-order suspension layout with the idea of model reduction is proposed. The novelty of this work is that we found a suspension layout with low order and fewer elements, of which the performance is approximate to the passive skyhook damping suspension in the meantime. Simulation results indicates that this suspension layout is proper for vehicle to approximate the performance of passive skyhook damping suspension. Furthermore, a integrated inerter device is proposed. The embodiments proposed in this paper is readily adapted to this layout and can be employed in vehicle suspension. A discussion of relative merits of the integrated device versus conventional shock absorber, in terms of achievable performance, for the specific application of vehicle suspension, is given by road test.
II. PASSIVE SKYHOOK DAMPING SUSPENSION SYSTEM AND MODEL REDUCTION A. PASSIVE SKYHOOK DAMPING SUSPENSION SYSTEM
The passive skyhook damping suspension is a two-stage series-connected structure (see Figure. 1) composed of 5 elements, of which the first stage is a conventional passive suspension, and the second stage is a parallel inerterspring-damper.It is a kind of speed feedback system. The anti-resonance phenomenon of the inerter-spring-mass system is used to transfer the body's resonance to inerter to realize the effect of ideal skyhook damping in a passive way, which could inhibit the body resonance and improve the ride comfort.
According to the mechanical impedance of inerter, spring, damper and the impedance characteristic of series or parallel systems, the mechanical impedance of the passive skyhook damping suspension is expressed as:
(1) where
The suspension structure shown in Figure. 1a can be equivalent to the structure of a main spring in parallel with network Z k , as shown in Figure. 1b. Thus, we can rewrite Y (s) as follows:
where
;
The process of model reduction is divided into two steps. Firstly, the denominator polynomial of the low order simplified model is obtained by Routh approximation method. And then, the molecular polynomial is found by Pade approximation method. It can not only ensure the stability of the system, but also take the advantages of Pade approximation method. Let the high-order transfer function be given by:
where m ≤ n, apply the Routh stability criterion to denominator polynomial of G (s) (assuming n is an even number), we can rewrite the equation as:
Structure of the reduced model.
According to Eq. 2, the model reduction of passive skyhook damping suspension system could be induced as the reduction of K (s) (n = 2), the denominator polynomial of K (s) can be rewrite as follows with Routh method:
Thus,
Let Transfer function G (s) of the high-order system be a Rational function:
R j,k (s) is the (j, k) order approximation of G (s). The coefficient of denominator can be determined by linear equations. According to Eq. 8, d 0 could be determined. This gives:
and we substitute K 1 (s) into Eq. 2:
If we simplify the Eq. 10, then Figure. 2. 
III. DYNAMIC MODEL A. FULL-CAR MODEL
A dynamic full-car model of the reduced-order ISD suspension is established in Figure. 3.
[4], [28] Thus, the State-Space equation is established as:
where X (t) is the state variable, X (t) is the output variable, the matrix A, B and C are shown below Figure. 3, and other parameters are listed as follows:
where m b is sprung mass; m wi is unsprung mass; θ is pitch angle; ϕ is roll angle; I θ is roll moment inertial; Z c is the vertical displacement of center of mass; Z bi is the vertical displacement of the four corners of vehicle body; Z ri is the suspension vertical displacement of the four corners at common port; Z wi is the vertical displacement of the four corners of unsprung mass; Z gi is road displacement; L f , L r is front wheelbase and rear wheelbase; T f , T r is front halftrack and rear halftrack; F i is suspension force of the four corners; k i is 
In order to make the performance of the reduced-order ISD suspension close to the Passive skyhook suspension system, suspension parameters are optimized by genetic algorithm [29] . Body acceleration, dynamic tire load and suspension working space are important performance index of vehicle suspension, it is a problem of multi-objective optimization. The linear weighting method is used to balance each performance index effectively, including BA RMS, DTL RMS and SWS RMS. The unified objective function is set as follows:
where the weighing factors are defined as, w 1 = 0.54, w 2 = 0.33, w 3 = 0.13. Note that, the weighing factors is the same for the optimization of different suspensions. The main parameters listed in Table 1 come from an off-road vehicle suspension. It was applied for road test in section 5. In order to gain the optimized parameters of suspension, the genetic algorithm is used to optimize the parameters of suspension. The population is set as 100; the max number of the generation is set as 50. To make the optimization results more convincing, the spring stiffness of reduced-order ISD suspension is the same with the off-road vehicle. Damping coefficient and inertance are chosen as the optimial parameters and their ranges are limited as: 
IV. PERFORMANCE ANALYSIS
This section studies the performance of different suspensions by means of numerical simulation. Transfer function gain analysis is carried out with the use of mechanical impedance of different suspension types, which is based on a quater-car model. Random road input analysis is carried out based on the full-car model established in section 3.
A. TRANSFER FUNCTION GAIN ANALYSIS
A comparison is made with the optimization of vehicle performance for the conventional passive suspension (S0), the passive skyhook damping suspension (S1) and the reduced-order ISD suspension (S2), as shown in Figure. 4. The transfer function gain of S1 and S2 is shown in Figure. 5. Compared with S1, S2 can decrease the resonance peak in the vicinity of 1 ∼ 3 Hz and 9 ∼ 12 Hz, and they show similar performance in the middle frequency band. The gain of suspension working space is superior to S1. Generally, the reduced-order ISD suspension can implement different level's approach to the performance of the passive skyhook damping suspension. In order to verify the performance approximation of the passive skyhook damping suspension and the reduced-order ISD suspension proposed in section 2. Figure. 6 gives the PSD (Power Spectrum Density) of body acceleration, dynamic tire load, suspension working space. It is illustrated that the PSD of reduced-order ISD suspension coincide with the passive skyhook damping suspension in low frequency band, slightly larger than S1 in middle frequency band and is decreased in high frequency band. Therefore, compared with the passive skyhook damping suspension, the PSD of body acceleration of the reduced-order ISD suspension is very approximate in the vicinity of 1 ∼ 3 Hz and 9 ∼ 12 Hz, and the performance of suspension working space is superior, which ensures the ride comfort. The PSD of dynamic tire load of the reduced-order ISD suspension is approximate in the vicinity of 1 ∼ 3 Hz, and superior in the vicinity of 9 ∼ 15 Hz. It is indicated that the overall performance of reduced-order ISD suspension is approximate to the passive skyhook damping suspension. 
B. RANDOM ROAD INPUT ANALYSIS
The random road model can be expressed by equation: where Q i (t) is the displacement, G 0 is the roughness coefficient, f cut is cut-off frequency, and v is the speed. In this study, G 0 is 5 × 10 −6 m 3 cycle -1 and f cut is 0.01 Hz. In order to show the superiority of the reduced-order ISD suspension and its performance approximation with the passive skyhook damping suspension. Table 4 gives the RMS of body acceleration, suspension working space and dynamic tire load. Compared with layout S0, the BA RMS of S1 and S2 decreased by 23.8% and 5.9%, the DTL RMS decreased by 0.3% and 6.1%, and SWS RMS decreased by 3.4% and −2.0%. According to Eq. 19, when min f (x) = 1, the performance of layout S2 is approximate to layout S1. Where f (x) = 1.101, it is indicated that when S2 take the place of S1, similar overall performance can be achieved.
V. ROAD TEST
In this section, the experimental research was carried out to further evaluate the overall performance of the reduced-order ISD suspension. A integrated device is installed to take the place of damper on conventional vehicle for road test and other structures of the test car remains unmodified. The natural frequency test, the bump test, the random input driving test were carried out respectively.
A. SUSPENSION PROTOTYPE
An integrated inerter device will be studied in this section. The original springs are used in suspension prototype, of which the front suspensions use the torsion bar spring and rear suspensions use the leaf springs. The integrated inerter with damping and inertance in series is used to replace the damper.
The new device is made up of a single-cylinder shock absorber, metal helical tube and nitrogen tank in series. When the piston drives the oil to rotate at high speed in the metal helical tube, the oil in the tight metal tube is equivalent to a hollow cylindrical liquid flywheel which can provide the inertance. Single-cylinder shock absorber and metal helical in series realizes the series relationship between inerter and shock absorber. External nitrogen tank is mainly used to drive back the fluid, meanwhile, compensating for the changes in volume caused by the piston rod move and the oil temperature changes. The operating principle is shown in Figure. 7 and the embodiment is shown in Figure. 8.
The integrated devices were installed in the front and rear suspension of a military-type off-road vehicle individually, the front suspension of which used an independent suspension, and the rear suspension used a non-independent one. The corresponding parameters of them are given in Table 1 . The layout S2 is shown in Figure. 9 .
B. VEHICLE TEST SYSTEM
The main parameters of the test vehicle is shown below:
The main equipment of the test system includes: SCADAS data acquisition system of LMS Company in Belgium; The speedometer is fixed at the door 50mm from the ground to measure the speed of the car. The gyro is mounted on the center of mass of the body and is used to collect signals, including body pitch and roll acceleration, body yaw rate, roll angle and lateral acceleration. Meanwhile, seven acceleration sensors and two displacement sensors are arranged, which are respectively used for data acquisition, including the driver seat acceleration, the floor center acceleration, centroid acceleration, the left front and left rear body acceleration, the left front and left rear axle acceleration, left front and left rear suspension working space. With the use of LMS high-speed data acquisition system with LMS Express software, test data can be gathered in real time. Then, the various signals are recorded and saved to the computer for processing. The experimental system is shown in Figure. 10.
C. NATURAL FREQUENCY TEST
The test uses the throw-off method to determine the natural frequency layout S2. It is needed to ensure that the front and rear wheels are in the center of MTS320 tire-coupled road simulator. Set the excitation platform height to the equilibrium position, and then control the excitation platform suddenly unload and down to -60mm position. Throw the car and make it free to vibrate.
With the frequency analysis method, the front and rear body natural frequency of conventional passive suspension are 2.15Hz and 2Hz, and the corresponding data of layout S2 are 1.65Hz and 1.75Hz, which verified the ranges of the resonance peak in the vicinity of 9 ∼ 15Hz in Figure 5 .Compared with the conventional passive suspension, the front and rear body natural frequency of layout S2 decreased by 23.3% and 12.5% respectively, and the peak power spectral density at the corresponding natural frequency reduced by 45% and 50%. It can be seen that, layout S2 is beneficial to decrease the car body natural frequency, improving the low frequency response characteristics and vibration isolation performance. 
D. BUMP TEST
To investigate the reliability and performance of the different damper models under general road conditions, the bump were considered. The bump test was carried out to test the maximum vertical acceleration and analyze the situation of ultimate impact sustained by human body and the test vehicle. The test speed are 10, 20, 30, 40, 50, 60 km/h. The result of time-domain response at 40 km/h is shown in Figure. 11 for the reader's reference.
In order to compare the performance of layout S2 and S0, quantitative evaluation is performed by using the evaluation method of the maximum (absolute) acceleration response, as follows:
where: n is the number of bump test effective test;Z max is the maximum acceleration response of number i test result. According to the calculation method above, the maximum acceleration response value of each speed is calculated, the plot line chart of vertical maximum acceleration at the driver seat and the car floor center is shown in Figure. 12. As can be seen from Figure 12 , compared with the conventional passive suspension, the maximum acceleration response of driver seat of layout S2 decreases 19.7%, 5.1%, 9.4%, 16.8%, 19.0% and 2.4% at the vehicle speed of 10, 20, 30, 40, 50, 60 km/h respectively. The maximum vertical acceleration response at the center of the car floor decreased by 1.1%, 26.7%, 37.3%, 35.4%, 14.1% and 16.3%. It is indicated that layout S2 not only effectively suppresses the driver seat vibration, but also can inhibit the car body jump, improving the ride comfort.
E. RANDOM ROAD INPUT TEST
The test vehicles were tested on the C-class road surface with speed of 30, 40, 50 and 60 km/h respectively. The results is shown in Table 6 .
It can be seen that the suspension system effectively restrains the vertical, the pitch, the roll vibration of vehicle body without a large deterioration of working space, which is optimal in terms of the ride comfort performance.
From the comparison of Table 4 and Table 6 , layout S2 can decrease the body acceleration and dynamic tyre load, which justifies the validity of the established method. In Table 6 , it can also be seen that the root mean square of the vertical acceleration of the left front axle decreased by 7.5%, 17.3%, 19.6% and 26.9% respectively; the root mean square value of vertical acceleration of the left and right rear axle is reduced by 0.8% and 1.2%, 7.2%, 5.6%. As a result of the axle acceleration can indirectly reflect the dynamic load of vehicle tires, the test results above show that the layout S2 can decrease the dynamic load and improve the grounding performance of the tire.
VI. CONCLUSION
In this paper, the reduced-order suspension layout with the idea of model reduction is proposed. The body acceleration, dynamic tire load and suspension working space of the reduced-order ISD suspension approximate to the passive skyhook damping suspension in different degrees. It can implement the main performance of the passive skyhook damping suspension. The reduced-order ISD suspension model is composed of three basic elements and has lower order and fewer component number. It is theoretically proved that the model reduction based on the Routh stability criterion and Pade approximation technique is effective. The overall performance of reduced-order ISD suspension can approach to the passive skyhook damping suspension.
In the natural frequency test, compared with the conventional passive suspension, the front and rear body natural frequency of ISD suspension were reduced. The front body natural frequency decreased from 2.15Hz to 1.65Hz; the rear body natural frequency decreased from 2Hz to 1.75Hz. The front and rear body natural frequency decreased by 23.3% and 12.5% respectively, and the corresponding peak power spectral density peaks were decreased by 45% and 50%. It is indicated that the reduced-order ISD suspension improves the low-frequency response characteristics and the vibration isolation performance. The bump test and the random input test show that the reduced-order ISD suspension can not only effectively suppress the vibration of the vehicle body and the axle, but also restrain the pitch and roll vibration without a large deterioration of working space and improve the ride comfort of the car. It is easy to implement the proposed method in practice.
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